In the paper we investigate slice holomorphic functions F : C n → C having bounded L-index in a direction, i.e. these functions are entire on every slice {z 0 + tb : t ∈ C} for an arbitrary z 0 ∈ C n and for the fixed direction b ∈ C n \ {0}, and (∃m 0 ∈ Z+) (∀m ∈ Z+) (∀z ∈ C n ) the following inequality holds
Introduction
Here we continue our investigations initialized in [1, 2] . There was introduced a concept of L-index boundedness in direction for slice entire functions of several complex variables and obtained many criteria of L-index boundedness in direction. Here we present some applications of these criteria to deduce sufficient conditions providing that sum, product of slice entire functions is a function of bounded L-index in direction. Also we consider slice entire solutions of directional differential equations. Since functions of bounded index has many applications in analytic theory of differential equations [3] [4] [5] we study local behavior of slice holomorphic functions of bounded L-index in direction which satisfy some linear higher-order directional differential equations.
In conclusions from [1] there was posed a question on the additional conditions, providing index boundedness of every slice holomorphic solutions for linear higher-order partial differential equations with slice holomorphic coefficients. So, the topic is central in this investigation.
We also consider a more general problem. Problem 1. [2] Is it possible to deduce main facts of theory of entire functions having bounded L-index in the direction b ∈ C n \ {0} for functions which are holomorphic on the slices {z 0 + tb : t ∈ C} and are joint continuous?
Let us introduce some notations from [1, 2] . Let R+ = (0, +∞), R * + = [0, +∞), 0 = (0, . . . , 0), b = (b 1 , . . . , bn) ∈ C n \ {0} be a given direciton, L : C n → R+ be a continuous function, F : C n → C an entire function. The slice functions on a line {z 0 +tb : t ∈ C} for fixed z 0 ∈ C n we will denote as g z 0 (t) = F(z 0 +tb) and l z 0 (t) = L(z 0 +tb). Besides, we denote by ⟨a, c⟩ = ∑︀ n j=1 a j c j the Hermitian scalar product in C n , where a, c ∈ C n . Let̃︀ H n b be a class of functions which are holomorphic on every slices {z 0 + tb : t ∈ C} for each z 0 ∈ C n and let H n b be a class of functions from̃︀ H n b which are joint continuous. The notation ∂ b F(z) stands for the derivative of the function gz(t) at the point 0, i.e. for every
is entire function of complex variable t ∈ C for given z ∈ C n . It is easy to check that for any p ∈ N the derivative ∂ p b F is also joint continuous.
In this research, we will often call this derivative as directional derivative because if F is entire function in C n then the derivatives of the function gz(t) matches with directional derivatives of the function F. Together the hypothesis on joint continuity and the hypothesis on holomorphy in one direction do not imply holomorphy in whole n-dimensional complex space.
A function F ∈ H n b is said [1] to be of bounded L-index in the direction b, if there exists m 0 ∈ Z+ such that for all m ∈ Z+ and each z ∈ C n inequality
is true. The least integer number m 0 , obeying (1) , is called the L-index in the direction b of the function F and is denoted by N b (F, L). If such m 0 does not exist, then we put N b (F, L) = ∞, and the function F is called of unbounded L-index in the direction b in this case. If L(z) ≡ 1, then the function F is said to be of bounded index in the direction b and N b (F) = N b (F, 1) is called the index in the direction b. For n = 1, b = 1, L(z) = l(z), z ∈ C inequality (1) defines a function of bounded l-index with the l-index N(F, l) ≡ N 1 (F, l) [6, 7] , and if in addition l(z) ≡ 1, then we obtain a definition of index boundedness with index N(F) ≡ N 1 (F, 1) [8, 9] . It is also worth to mention paper [10] , which introduces the concept of generalized index. It is quite close to the bounded l-index. Let N b (F, L, z 0 ) stands for the L-index in the direction b of the function F at the point z 0 , i.e., it is the least integer m 0 , for which inequality (1) is satisfied at this point z = z 0 . By analogy, the notation N(f , l, z 0 ) is defined if n = 1, i.e. in the case of functions of one variable. Note that the positivity and continuity of the function L are weak restrictions to deduce constructive results. Thus, we assume additional restrictions by the function L.
Let us denote
By Q n b we denote a class of positive continuous function L : C n → R+, satisfying the condition
Moreover, it is sufficient to require validity of (2) for one value η > 0. For a positive continuous function l(t), t ∈ C, and η > 0 we define λ(η) ≡ λ b 1 (η) in the cases when b = 1, n = 1, L ≡ l. As in [11] , let Q ≡ Q 1 1 be a class of positive continuous functions l(t), t ∈ C, obeying the condition 0 < λ(η) < +∞ for all η > 0.
Auxiliary propositions
If there exist r 1 and r 2 , 0 < r 1 < r 2 < +∞, and P 1 ≥ 1 such that for all
holds, then the function F has bounded L-index in the direction b.
Denote
k |≤r 1 we denote counting function of zeros a 0 k for the slice function F(z 0 + tb) in the disc {t ∈ C : |t| ≤ r}. If for given z 0 ∈ C n and for all t ∈ C F(z 0 + tb) ≡ 0, then we put n z 0 (r) = −1. Denote n(r) = sup z∈C n nz(r/L(z)).
2) for any r > 0 there exists̃︀ n(r) ∈ Z+ such that for all z 0 ∈ C n such that F(z 0 + tb) ̸ ≡ 0 one has
From the proof of Theorem 2 in [2] it follows the following lemma:
3 Boundedness of L-index in direction of entire solutions of some linear partial differential equations Let us consider the following directional differential equation
where g j , h are functions from the class H n b , j ∈ {0, 1, . . . , p}. For entire functions of bounded L-index in direction the equation was investigated in [12, 13] . Here we will consider the weaker assumption that the coefficients of equation (9) are slice entire functions, i.e. they are functions from the class̃︀ H n b . We need the following proposition. Its proof is based on the proof of its analog for entire functions [14] .
Then for every r > 0 and for every m ∈ N there exists P = P(r, m)
Proof. We apply Theorem 1 with R = r 2λ b (r) . Then there exist (4) holds with r * instead of r. Hence, by Cauchy's inequality we obtain
But by (7) for every z 0 ∈ C n ∖G b r (F) the set
}︃ does not contain zeros of function F(z 0 + tb). Therefore, applying to 1 F(z 0 +tb) the maximum modulus principle
Hence, in view of arbitrariness of z 0 , we obtain the desired inequality with P = P 2 m!η −m .
Denote g * (z) = h(z) · ∏︀ p j=0 g j (z), n(r, g * ) = sup ,
where Z F is zero set of the function F. Using Lemma 2, we prove the following theorem. It was firstly obtained for entire functions of bounded L-index in direction [13] .
.
Suppose that there exist r ∈ (0; r * ) and T > 0 such that Gr is an unbounded set and for every z ∈ C n ∖Gr(g 0 ) and j = 1, . . . , p |g j (z)| ≤ TL j (z)|g 0 (z)|.
Then every function F ∈ H n b such that (9) is valid, has bounded L-index in the direction b.
Proof. One should observe that the condition F ∈ H n b implies ∂ m b F ∈ H n b for all m ∈ N. Besides, Theorem 2 and restrictions of Theorem 4 provides validity of inequalities n(r, g * ) < +∞ and r * > 0.
From conditions of Theorem it follows that C n \ Gr ≠ ∅. Lemma 2 and inequality (10) yield that there exist r ∈ (0; r * ] and T * > 0 such that for all z ∈ C n \ Gr
Evaluate the derivative in the direction b in Equation (9) g
The obtained equality means that for all z ∈ C n \ Gr :
Thus, there exists P 3 > 0 such that for all z ∈ C n \ Gr
If z ′ ∈ A := H(g 0 ) \ ⋃︀ p j=1 (Gr(g j ) \ H(g j )), then there exists a sequence of points z m ∈ C n \ Gr , satisfying (11) and such that z m → z ′ as m → ∞. Substituting z = z m in (11) and passing to the limit as m → ∞, we obtain that inequality is valid for all z ∈ A ∪ (C n \ Gr). Here we used joint continuity of the function F for passing to the limit. If C n = A ∪ (C n \ Gr) (i.e., all zeros of the function g * belong to H(g * )), then by Theorem 3 the function from the class H n b , obeying (9) , has bounded L-index in the direction b. Otherwise, n(s, g * ) ≥ 1. Since r ∈ (0, r * ) and r * = sup s≥1 (s−1)λ1(s) 8(n(s,g * )+1) , there exists r ′ ≥ 1 such that r ≤ (r ′ −1)λ1(r ′ ) 8(n(r ′ ,g * )+1) . Let z 0 be an arbitrary point from C n and K 0 = {︀ z 0 + tb : |t| ≤ r ′ /L(z 0 ) }︀ . Since the entire functions g 0 , g 1 , . . . , gp , h have bounded L-index in the direction b, by Theorem 2 the set K 0 contains at more n(r ′ , g * ) zeros of these functions or K 0 ⊂ Z g * . Let c 0 m be zeros of the slice function g * (that is g * (z 0 + c 0
Therefore, for z 0 +tb ∈ K 0 \ ⋃︀ z 0 +c 0 m b∈K 0 K 0 m (11) is true. Hence, for there points z 0 +tb inequalities L(z 0 ) ≥ L(z 0 +tb) λ2(r ′ ) and (11) give us
where
)︁ p and
Let D be a sum of diameters K 0 m . Then D ≤ 2(r ′ −1)n(r ′ ,g * ) 8(n(r ′ ,g * )+1)L(z 0 ) < r ′ −1 4L(z 0 ) . Therefore there exist numbers
Choose arbitrary points z 0 + t 1 b ∈ C 1 and z 0 + t 2 b ∈ C 2 and connect them by a smooth curve = {z 0 + tb : t = t(s), 0 ≤ s ≤ 1} such that w z 0 (t) ≠ 0 and ⊂ K 0 \ ⋃︀ c 0 m ∈K 0 K 0 m . In the following detailed description of construction of the curve we will use ideas from proof of Theorem 8 in [15] with adaptation for slice functions. For a construction of the curve we connect t 1 and t 2 by a line t(s) = (t 2 − t 1 )s + t 1 , s ∈ [0, 1]. Let t * k be points on the line t(s) such that w z 0 (t * k ) = 0. The number of such points m 0 = m(z 0 + t 1 b, z 0 + t 2 b) is finite. Let (t * k ) be a sequence of these points in ascending order of the value |t 1 − t * k |, k ∈ {1, 2, ..., p}. We choose
}︂ .
Now we construct circles with centers at the points t * k and corresponding radii r ′ k < r0 2 k such that w z 0 (t(s)) ≠ 0 for all t on the circles. It is possible, because F ̸ ≡ 0.
Every such circle is divided onto two semicircles by the line t = t(s). The required piecewise-analytic curve consists with arcs of the constructed semicircles and segments of line z * 1 (t), which connect the arcs in series between themselves or with the points t 1 , t 2 . If the curve intersects some set K 0 m then we override the set by a semicircle with the center at the point c 0 m and radius r ′ 8(n(r ′ ,g * )+1)L(z 0 ) . The description shows that the curve can be chosen with the following estimate of its length
Then on inequality (12) is valid, that is
In view of the described construction, the function z 0 + t(s)b is piece-wise analytic on [0, 1]. Hence, for arbitrary k ∈ Z+, j ∈ Z+, k ≤ p, either
or the equality
holds only for a finite set of points s k ∈ [0; 1].
Then for the function w z 0 (t(s)) as maximum of such expressions
by all j ≤ p two cases are possible:
1. In some interval of analyticity of the curve the function w z 0 (t(s)) identically equals simultaneously to some derivatives, that is (13) holds. It means that w z 0 (t(s)) ≡
for some j ≤ p. Clearly, the function ∂ j b F(z 0 +t(s)b) is analytic. Then |∂ j b F(z 0 +t(s)b)| is continuously differentiable function on the interval of analyticity except points where this directional derivative equals zero |∂ j b F(z 0 + t(s)b)| = 0. However, there are not the points, because in the opposite case w z 0 (t(s)) = 0. But it contradicts the construction of the curve . 2. In some interval of analyticity of the curve the function w z 0 (t(s)) equals simultaneously to some derivatives at a finite number of points s k , that is (14) holds. Then the points s k divide interval of analyticity onto a finite number of segments, in which of them w z 0 (t(s)) equals to one from the partial deriva-
for some j ≤ p. As above, in each from these segments the functions that is g z 0 (t 2 ) ≤ g z 0 (t 1 ) exp{3|b|r ′ P 5 }. It is possible to choose t 2 such that |F(z 0 + t 2 b)| = max{|F(z 0 + tb)| : z 0 + tb ∈ C 2 }.
Hence, max {︂ |F(z 0 + tb)| : |t| = 3r ′ + 1 4L(z 0 ) }︂ ≤ |F(z 0 + t 2 b)| ≤ g z 0 (t 2 ) ≤ g z 0 (t 1 ) exp{3|b|r ′ P 5 }.
Since z 0 + t 1 b ∈ C 1 = {︁ z 0 + tb : |t| = r1 L(z 0 ) }︁ and r 1 ∈ [ r ′ 4 , r ′ 2 ], for all j ∈ {1, 2, . . . , p}, by Cauchy's inequality in variable t we obtain where P 6 = p! max{1, (4/r ′ ) p } exp{3|b|r ′ P 5 }. Therefore, by Proposition 1 the function F has bounded L-index in the direction b.
